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Abstract—One of the key issues in providing tight bandwidth presence of large number of flows. Round Robin schedulers
and delay guarantees with high speed systems is the cost of packehave O(1) time complexity, but all have a®(N) worst-case

scheduling. Through timestamp rounding and flow grouping eyjation with respect to the ideal amount of service that th
several schedulers have been designed that provide near-optiina . - - -

bandwidth distribution with O(1) time complexity. However, in [10W Should receive over any given time interval.

one of the two lowest complexity proposals in the literature, the ~ More accurate schedulers have been proposed, based on
cost of each packet enqueue/dequeue is still proportional to the flow grouping and timestamp rounding, which feat¢l)
number of groups in which flows are partitioned. In the other time complexity and near-optimal deviation from the ideal
proposal, this cost is independent of the number of groups, but amount of service (i.e., upper bounded by a constant meiltipl

a number of operations proportional to the length of the packet . . . .
must be execupted during egch transmission. g P of the maximum packet size). The two best proposals in this

In this paper we present Quick Fair Queueing (QFQ), a new class, the scheduler proposed in [14], hereafter calemlip
member of this class of schedulers that provides the same near- Fair Queueing—GFor brevity, and SI-WEQ [8] use data
optimal guarantees, yet has a constant cost also with respect tostryctures with somewhat high constants hidden in @rg

the number of groups and the packet length. The peculiarity : ; :
of QFQ is to partition groups so that enqueue/dequeue can be notation. In particular, on each dequeue operation, GF@xee

accomplished in a number of steps independent of the number to iterate on all groups in which flows are partitioned, wiasre

of groups, without requiring extra operations during packet SI-WF?Q has to do (in parallel with packet transmissions) a

transmissions. number of operations proportional to the length of the packe
To validate the effectiveness of QFQ, we implemented it in hejng transmitted.

the Linux kernel. QFQ proved able to execute each packet S A ; ; ;
enqueue/dequeue in 340 instructions worst case, irrespective Our contribution: In this paper we present Quick Fair

of number of flows and arrival patterns. Furthermore, the Queueing _(QFQ): anew'schedulerV\{(ﬂﬁl) time complexity,
instructions used by QFQ are extremely well suited to a hardware implementing an approximated version of W+ with near-
implementation. optimal service guarantees similar to GFQ and SI?@F
l. INTRODUCTION The kgy innovation of QFQ is the partitioning of.groups

S . . of flows into four sets, each represented by a machine word.
. Q.OS provisioning 1s a Iong-stand|_ng p_roblem whose solutiogy, bookkeeping to implement scheduling decisions is based
IS hlhndered bydbusmlesbs.lland ftechnlcal ISSUes. The Iatlznereon manipulations of these sets. Multiple groups and flows can
to the use and scalability of resource reservation proﬁocge moved at once between sets with simple CPU instructions
and packet schedulers, which are necessary whenever Qi as AND. OR. XOR anBind First bit Set(FFS)

provisioning is not an option. The major improvement of QFQ over previous proposals is

An IntServ approach can provide fine-grained per-flo% performance: the algorithm has no loops, and the siniplici

guarantees, but the scheduler has to dea5l with a potenti B’the data structures and instructions involved makes it we
large number of flowsn progress (up to 10° and more, as

renorted in a recent study 191). Besides memory costs o kesuited to hardware implementations. Our Linux x86 version
P ! udy [9]). ! y s in approximately 340 instructiomgorst casé per packet

per-flow state, the time complexity and service guarantéese%queue/dequeue with 32k flows. To put the number in context

the schedullng algorithm can be a concern. all worst cases are reported): on the same platform, the DRR
.A lefSery approa(;h aggregates flows into a few class heduler (which boils down to two enqueue or dequeue

with prede;fmed service levels, and schedgles t'he ag9regdlif has very poor service guarantees) uses 70 instructons;
classes without need for resource reservation signalihigs T_. ) o . S

: . . 2" simple hash-based classifier uses 202 instructions; theCHFS
drastically reduces the space and time complexity, butimith 16] scheduler with 1k flows uses 965 instructions (HFSC’s
each class, per-flow scheduling may still be needed if we want ., - . .
to provide fairness and guarantees to the individual flows. stisO(log V) and a full packet processing (from input to

The above considerations motivate the interest for paCke£We report costs in terms of instruction counts because exectimes

schedulers with low complexity and tight guarantees even jry by over one order of magnitude due to caching effects Seeion V.
Also, we use the (observed) worst case counts because etarction counts
1in [9] a flow is denoted as in progress during any time intermalvhich  vary widely depending on the traffic patterns, and averadeest cases would
the inter-arrival time of its packets is lower than 20 seconds be misleading.



output) can easily consume 2000-5000 instructions. between the packet completion times in the real system and
Paper structure: Section Il complements this introductionin an ideal GPS system is larger th&r1). However, even
by discussing related work. In Section Il we define theptimal schedulers such as WE and WFQ+ where this dif-
system model and other terms used in the rest of the paderence isO(1), feature the same T-WF L(1+1/¢*)) that
Section IV presents the QFQ algorithm in detail. Section We find in the approximated schedulers just mentioned (GFQ,
evaluates the service guarantees. Finally, Section VI ureas SI-WF?Q, QFQ). The difference is only in the multiplying
the performance of the algorithm on a real machine, comgarinonstant, which is 1 with exact timestamps and slightlydarg
an actual implementation with the production-quality orie @therwise (e.g., 3 in the case of QFQ—see Sec.V-B). Thus,
DRR present in Linux. approximated timestamps still give much better guarantees
than Round Robin schedulers.

Approximated timestamp-based schedulers typically use
Packet schedulers are evaluated based on their time (aga structures that are more complex to manipulate thaetho
space) complexity and on their service properties. Seve(gled in Round Robin or exact timestamp-based schedulers. As
service metrics have been defined in the literature, innlydia consequence, the same or better asymptotic Comp|exiw doe
relative fairnesg8], andBit- andTime- Worst-case Fair Index not necessarily reflect in faster execution times. As an exam

(B-WFI and T-WFI [3], [5], see the definitions in Section V).ple, the approximated variants of WG+ presented in GFQ
B-WFI* and T-WFF (we will refer to both as WFI for [14] use timestamp rounding, flow grouping and a calendar
brevity) represent the worst-case deviation over any tinggeue to maintain a partial ordering among flows within the
interval that a flowk may experience, in terms of service andame group. Each scheduling decision requires a linear scan
time, with respect to the service it would receive in an idegf the groups in the system to determine candidate for the
system providing perfect weighted bandwidth sharing. next transmission. The actual algorithms are only outlined
The WFl is an interesting measure as the B-WFI can be algfd no public implementation is available; the authorsnclai
used to prediCt the minimum amount of service guaranteggstainatﬂe rate of Mpps and a per-packet overhead 500
to each flow over any time interval, whereas, if the arrivals for their hardware implementations.
pattern is known, the T-WFI can also be used to compute the pyc [17] rounds timestamps to integer multiples of a
maximum delay experienced by each packet. In addition, figed constant. Reducing the timestamps to a finite universe
proven in [3], a low WFI is essential to provide tight fairnesgnables LFVC to use data structures like van Emde Boas
and delay guarantees in a hierarchical setting. priority queues, which havé(loglog N') complexity for all
Round Robin (RR) schedulers lend naturally@1) im-  the basic operations they support. This is ) but grows
plementations with small constants. Several variants baea very slowly with IV, though the van Emde Boas priority queues
proposed, as e.gDeficit Round Robirf13], Smoothed Round have high constants hidden in tt&) notation. A drawback of
Robin [4], Aliquem[10] and Stratified Round Robifil2], to | FvC is that its worst case complexity (), because the
address some of the shortcomings (burstiness, etc.) of Bfgorithm maintains separate queues for eligible andgisé
schedulers. One unfixable feature of this famlly of SChG’SUlqk)WS, and individual events may require to move most/all
is that, irrespective of the flow’'s weight*, their T-WFI has flows from one queue to the other.
anO(N L) component, whereL is the maximum packet size  Finally, SI-WFQ is based on a special data structure called
and N is the total number of flows in the system. Interleaved Stratified Timer Wheels (ISTW). ISTW containers
To achieve a lower WFI than what is possible with RRave several nice properties that allow SI-¥gFto execute
SChedUlerS, other scheduler families try to Stay as close ﬁ;ket enqueue and dequeue operations at a worst-case cost
possible to the service provided by an internally-trackehl  jndependent of even the number of groups, provided that a
system. We call thentimestamp basedchedulers as they number of groups proportional to the maximum packet size
typically timestamp packets with some kind ‘irtual Time (in the worst-case) is moved between two containers during
function, and try to serve them in ascending timestamp ordgie service of each packet. In a system where the latter task
which has(}(log V) cost. Using this approach, schedulers sucan be performed, and completed, during the transmission of

as WFQ [5] and WFQ+ [3] offer optimal WFI, i.e., the g packet, SI-WEQ runs at a lowO(1) amortized cost per
lowest possible WFI for a non-preemptive system, and haggcket transmission time.

an O(log N) time complexity.

Approximated variants of these schedulers use rounded Ill. SYSTEM MODEL AND COMMON DEFINITIONS
timestamps instead of exact ones to get rid of the burden ofin this section we give some definitions commonly used in
exact ordering and run i0(1) time. Examples are GFQ [14], the scheduling literature, and also present the exactQ¥F
SI-WFQ [8] and the QFQ algorithm described here. algorithm, which is used as a reference to describe QFQ. For
~ The approximation has an implication: as proved in [18fonvenience, all symbols used in the paper are listed ireTabl
in any system using approximate timestamps, the differengest quantities are a function of time, but we omit the time

, , _ _argument {) when not ambiguous and clear from the context.

3In WF?Q and WP Q+ this component i€ (L (1 + 1/¢*)). This can still . . . . .
grow to O(N L) for low-weight flows, but high weight flows receive better We consider a system in whicN packet flows (def!ne.d 'n_
treatment. whatever meaningful way) share a common transmission link

II. BACKGROUND AND RELATED WORK



TABLE |
DEFINITIONS.

these features are calledrrespondingn the literature). They
differ in that the fluid system may serve multiple packets in

Symbol | Meaning parallel, whereas the packet system has to serve one paceket a
N Total number of flows _ time, and is non preemptive. Because of these constralmes, t
L Maximum length of any packet in the system I ti f k to the individual fl differ in th
B The set of backlogged flows at firie allocation of work to the individual flows may differ in the
W (t1,t2) | Total service delivered by the system[in, t2] two systems. WEQ+ has optimal B-/T-WFI and)(log N)
k Flow index complexity which makes it of practical interest.
L: Maximum length of packets in flow WF2Q+ operates as follows. Each time the link is ready, the
¢ Weight of flow k _ _ scheduler starts to serve, among the packets that havelalrea
1% Length of the head packet in flok, IF = 0 when idle . . .

o . started in the ideal fluid system, the next one that would be
Q" (t) Backlog of flowk at timet ” . . .
WE(t1,12)| Service received by flovk in [¢1, {2] completgd (t|es_ are arbl_tranly broker_l). WE+ is a wgr_k— _
40) System virtual time, see (3) conserving on-line algorithm, hence it succeeds in finighin
Sk Rk Virtual start and finish times of flovk, see (2) packets in the same order as the ideal fluid system, except
Sk, F* | Approximateds* and F* see Section IV-B when the next packet to serve arrives after that one or more
47 Group index (groups are defined in Sec.[\V-A) out-of-order packets have already started.
S, Fy Virtual start and finish times of group see (6) . . . .. . . .
o Slot size of group (defined in Sec.V-Ag; — 27) This policy is eff,mently !mplem_ented by considering, for
ER, EB, | The sets in which groups are partitioned each flow, a speciaflow virtual time function V*(¢) that
IR, 1B grows as thexormalized amount of servidee. actual service

divided by the flow’s weight) received by the flow when it

is backlogged. The algorithm only needs to know the values
serving one packet at a time. The link has a time-varying ragg V*(t) when the flow becomes backlogged, or when its
which the system can decide to use, partially or completely, head packet completes transmission in the ideal fluid system
transmit packets waiting for service. A system is calleatk 5o each flowk is timestamped with these two values, called
conservingif the link is used at full capacity whenever thergrtyal start and finish time S* and F*, of the flow. Using
are packets queued. A scheduler sits between the flows %’F\dadditionalsystem virtual timefunction V' (t), at time ¢,

the link: arriving packets are immediately enqueued, ard thhen a packet enqueue/dequeue occurs,>@#eomputes
next packet to serve is chosen and dequeued by the schedigge timestamps as follows:

when the link is ready. The interface of the scheduler to the
rest of the system is made of one packetjueue(and one g1
packetdequeue(¥unction. F*

In our model, each flovk is assigned a fixed weightt > 0.  F* « 5% + 1% /¢k
Without losing generality, we can assume t@ﬁ;l oF < 1. _ ) _ _ _ )

A flow is defined backloggedif it owns packets not yet where V(¢) is the system virtual timefunction defined as
completely transmitted, otherwise we say that the flowdis  follows (note that we assumg; ¢* < 1):

We denote asB(t) the set of flows backlogged at time
Inside the system each flow has a FIFO queue associated with
it, holding the flow’s own backlog.

We callhead packebf a flow the packet at the head of theat system start-ug’(0) = 0, S¥ « 0 and F* «— 0.
queue, and” its length;/* = 0 when a flow is idle. We say  Flow k is saideligible at timet if V' (¢) > S*. The inequality
that a flow isreceiving servicef one of its packets is being guarantees that the head packet of the flow has alreadydstarte
transmitted. Both the amount of servit&"(t1,t,) received to be served in the ideal fluid system. Using this definition,
by a flow and the total amount of servi¢g(t,,,) delivered WF2Q+ can be implemented as follows: each time the link is
by the system in the time intervat,,t;] are measured in ready, the scheduler selects for transmission the headepack
number of bits transmitted during the interval. of the eligible flow with the smallest virtual finish time. Mot

that the second argument of thexx function in (3) guarantees
A. WPQ+ : )
that the system is work-conserving.

Here we outline the original W+ algorithm for @ The implementation complexity in Wi+ comes from
variable-rate system. See [3], [15] for a complete desonpt three tasks: i) the computation df (t) from (3), which
WF?Q+ is apacket schedulethat approximates, on a packetyequires to keep track of the minimusf, and hasO(log N)
by-packet basis, the service provided by a work-conserviggst: i) the selection of the next flow to serve among the
ideal fluid SyStenWhiCh delivers the fO”OWing, almost perfecte|igib|e ones, which requires Sorting Qﬁk, and also has
bandwidth distribution over any time interval: O(log N) cost at each step; iii) the management of eligible

k k (1 ik flows asV'(t) grows. This is made complex by the fact that
Wit t2) 2 ¢"W(t,t2) = (1 = ¢5)L. @ any chang(e) inV(t) can renderO(N) flows eligible. With
The packet and the fluid system serve the same flows aswme cleverness [6], an augmented balanced tree can be used
deliver the sameotal amount of workW (¢) (systems with to perform the latter two tasks togetherdr{log N) time.

max(V(t,), F¥) on newly backlogged flow
on pkt dequeue

Vita) = Vit Wi(ty,t
() = s (V02) 4 W o, 12,

min sk) 3)



IV. QuicK FAIR QUEUEING time S* can never exceel (¢) by more tharv;, and the range

QFQ approximates WiR+, providing near-optimal service of values forS* is Iim!ted to2+ [_L/oﬂ timesf_ri. The limited
guarantees (see Section V) but reducing the implementatf§fige and the rounding to multiples of, implies that thes*
complexity to O(1) with small constants thanks to threefan only assume a constant numbe'r of different valyes. Hence
main techniques. The first two are also widely adopted W€ can sort flows within a group using a constant-time bucket
the literature [8], [12], [14]: they ardlow grouping which sort algorithm. The use cf_i”C in (3) also saves an_other_ sorting
partitions flows into a constant number of groups, &imks- Step, because, as we will see, t@up setsdefined in the
tamp rounding which reduces the cardinality of sorting keyd1€xt section will let us compute (3) in constant time.
so that anO(1) bucket sort suffices to sort flows within a ©Once flows in a group are sorted, we can easily compute
group. The third tech_niquegrogp §ets is peculiar to QFQ Si= min S¥ | F =5 +20; (6)
and is key to a dramatic reduction in the cost of the algorithm kegroup;
groups are mapped into four sets, each represented by & siRgiich are called thegroup’s virtual start and finish times
machine word. Due to the properties of the sets, finding
the group to schedule only requires a Find First bit Set i'""i_ [ [
(FFS) CPU instruction, and all the data structure housekgep
(including changing the state of multiple groups at oncdy on k{d
requires a constant number of bitwise operations on thdsge se
independent of either the number of groups or the packet
length.

A. Flow grouping

QFQ groups flows into a small, constant number of groups

. . . . Fig. 1. A representation of bucket lists. The number of buKgtey), i.e.
on which to do the scheduling. A flowis assigned to a group possible values of*, is fixed and independent of the number of flows in the

i defined as k group. Each list member corresponds to a flow, and the only fistations
. X L required are tail insertion and head removal.
1= |log, (4)

d)k
where L* is the maximum size of packets for flow
The quantityo; = 2¢ (bits) is called theslot sizeof the
group. It is easy to see thdt’/¢* < o;, hence from (2),
FF — 8k < g, for any flow k in groupi.

The data structure used to sort flows within a group is a
bucket list—a short array with as many buckets as the number
of distinct values forS* (see Fig. 1). Each bucket contains
a FIFO list of all the flows with the sam&* and F'*. The
gymber of buckets depends on the ratior; which is at most

kl?,ecausek,of 'the definition of groups, for any practical sgt max(L/L). For practical purposes, 64 buckets are largely
L"s and ¢"'s in a systemthe number of distinct groups is ..\ S .
sufficient, so we can map each bucket to a bit in a machine

less than 64 (".1 f?‘Ct'.e_VE” 32 groups are "T’“ge'y sufﬁqent Word, and can use a constant-time Find First bit Set (FFS)
many cases)This is trivially proven substituting values in the.

. . ..__instruction to locate the first non-empty bucket, which wede
equatiort, and lets us represent a set of groups with a b|tm?8 find to select the next flow to serve
that fits in a single machine word. '

C. Group sets and their properties
QFQ partitions backlogged groups into four distinct sets,
gorithm in (2). However, when selecting flows for eligibylior which reduce scheduling and bookkeeping operations to sim-

scheduling the next flows to serve, QFQ uses the approximg{g set manipulations. Given the_ smalllnumber Of. groups,
valueg: each set can be represented with a single machine word,

and set manipulations can be implemented with basic CPU
Sk {i—kJ o; ., FF— 8k 420, (5) instructions such as AND, OR and FFS.
l ) The sets are calleER,EB, IR, IB (from the initials of

Furthermore, QFQ replacesin,c () S* with mingep) S*  Eligible, Ineligible, Ready, Blockgdand the partitioning is
in computing (3). _ done using two criteria:

A variant of theGlobally Bounded Timestan{®BT) prop-  , eligibility: groupi is saidEligible at timet iff S; < V' (#),
erty, proved in [1, Theorems 1 and 2] establishes bounds and Ineligible otherwise.
for V(t) — S*(t) and F*(t) — V() that we use to simplify _ 1eaqiness:independent of its own eligibility, a grouipis
eligibility computation and flow sorting. In particular, ahy said to beReadyif there is no eligible groug > i with

4As an exampleL* between 64 bytes and 16 Kbytes, between 1 and Fj < L. Qt_henmse, such a gr‘?“up exists, and we say
10~5) yield values betweeB4 = 26 and 16 - 109 ~ 234, or 29 groups. that group: is Blockedby groupj.

5There is only one special case where ffefor certain newly backlogged Readiness is not intuitive but together with eligibilityvgis
groups is pushed down to preserve the ordering propertigheobetEB,

described in detail in [1, near Lemma 4]. There it is also proven this is € Sets a nqmber of int_ereSting properties, fully exptbite
done without violating service guarantees. QFQ. In particular, as will be demonstrated later:

B. Timestamp rounding
QFQ computess* and F* for each flow using the exact al-



« groups within each set are ordered by group finish times// enqueute the Ierut pkt offtlhe Ir;put flow
enqueue(n: pkt, in ow
(Vj,ieX:j>i = F; > F), :

3 {
« the next packet to serve will always be the head packet _tfail(ﬂinsert(pkhh flzw'-queklﬁ) ;11 always enqueue
i ow.queue.head != p
of the first flow of the first group ”ER 6 return ; // Flow is already backlogged, nothing to do.

« on dequeue and on virtual time changes, we can move f/I/ Updsate flow tinzlestam'gs %CCO_rding to (2)
multiple groups at once from one set to another. ThE {iow £ = flow .o + ki length | flow.weight :

groups to be moved are located in an easy-to-find portion g = flow.group ; // reference to the group
11 old_state = g.state ;

of the source set, as explained in Section IV-D3. 12 if (old_state == IDLE || flow.S < g.S) {
Individually, a group can enter any of the sets when it becom /1" compute group timestamps according (o (5) .
g.S = floor(flow.S, g.slot_size) ;// clearthe low i
backlogged or after it is served. Multi-group moves from one bits ,
g.F = group.S + 2% g.slot_size ;
set to the other can occur only on the paths 6}
17 bucket_insert(flow, g) ;// constanttime
IB—-1IR, IR—ER, IB— EB, EB — ER 18

19 /1 1f therg is some backlogged group, aF least one is inlER;
because transitions in eligibility (driven by changeslift)) 2 {f §eTyEe, make Sue ¥ 9.8 o emain work consenving.
and readiness (driven by changes in thieof the blocking 2 V=g.5S;
group) are not reversible until the group is served. g.state = compute group_state(g) :
The ordering properties of sets are proven as follows, a;rad /1 Remove from old set, add to new one
hold over any event that changes set membership: 23 ?}O‘Eell—r?;o‘fgfg << g.index, old_state, g.state) :
1) IBUIR is sorted byS; as a result of the GBT property.? dequeue () ;
In fact, if a group: is ineligible, any flowk in the group
hasV(t) < st < V(t) + ;. Due to the rounding we Fig. 3. Theenqueue()function, called on packet arrivals. In the listing,
can only haveS; = [V (t)/o0;]0;, and ifi < j, we have |g; IR, EB, ER are the constants 0..3 corresponding to contibima of the
20; < of hences; < 5], Eligible and Blocked flags. IDLE=4 represents a non-badjéshgroup.
2) IBUIR is also sorted by; because of the sorting by
S; and the fact that; are increasing with;
3) the sorting ofER. by F; is proven in [1, Theorem 4]; being the algorithm work-conserving). Otherwise (lined ®)-
4) the sorting ofEB by F; is proven in [1, Theorem 5]; we update the flow's timestamps and possibly the group’s
By definition, if i € EB, then at least one groupe ER timestamp (because the slot size is a power of 2,fliter()
hasF; < F;. BecauseER is sorted byF;, the readiness testfunction just returns the argument with thdeast significant
for group i needs only to look at the lowest-order group iits cleared). Following that, we use a constant time bucket
ER with an indexz > i. Functioncompute_group_state{iy ~ sort (line 17) to order the flow with respect to other flows in
Fig. 2 does the computation of set membership for a groughe group. At this point we possibly updétg¢) as in (2), and
update the state of the group, which may have changed due to

1 /1 Compute the group’s state, see Section IV-C the new values of;, F; andV (¢). The computation of the new

2 {COmp“‘e—g“’“P—Statﬂ’ﬁi group) : state state of the group is done in functi@ompute_group_state()

3 . . . .

4+ state = 0 ; // default: not ELIGIBLE, not READY in Fig. 2. Finally, if the group has changed state, we need
o fh";?r'ﬁ!yeﬁfo%ﬁ’iég“’“p %> group.index. This is the one to move it from one set to another, done by calling function
6 . . . .

7 x = ffs_from(set[ER], group.index); move_groups()n Fig. 6. The very last step, if the link was

8 if (x == NO_GROUP || groups[x].F > group.F) idle, is to calldequeue()

9 state |= R; // READY i

10 if (group.S <= V) Note that an enqueue involves no movement of other groups
11 state |= E; // ELIGIBLE . .

2 return state: between setsV/(¢) changes only if all other groups were idle,

13} so there are no eligibility changes. If the flow was already
backlogged, no group changes its finish time, so there are no
Fig. 2. Thecompute_group_statefyinction implements both the eligibility readiness changes. If the groypcontaining this flow just
and the regdiness tests and returns_the state Qf the grose_cpas' argument. became backlogged, its start time is at least as |arg‘é(a)5
ffs_from(d,i)return the index of the first bit set i after position:. ; ’
henceF; > |V(t)/o;]o; + o;. Any Ready groupi < j
will have F; < |V (t)/o;] 0; + 30; (one o; comes from the
D. Quick Fair Queueing: the algorithms upper bound onS*, the other two come from the definition
We are now ready to describe the full algorithm for th€f Fi = Si + 20;). HenceF; < V() + 30;. By definition
enqueue(anddequeue()which are run respectively on packetl > ¢ = 0; = 20y, SO F; > F; and the newly backlogged
arrivals, and when the link becomes idle. group j cannot block a previously Ready group, even in the
1) The enqueue functionThe full enqueue algorithm is Worst case (largesk;, smallestr}).
shown in Fig. 3. First of all the packet is appended to the #ow’ 2) The dequeue functionFunction dequeue()in Fig. 4
gueue, and nothing else needs to be done if the flow is alreaslycalled whenever the link is idle and we have packets to
backlogged (which in turn means that the link is not idlgransmit. The function returns the next packet to transamt]
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dequeue () :
{

packet// return the next packet to serve

/1 dequeue the first packet of the first flow of the group in ER
/1 with the smallest index.

g = groups|[ffs(set[ER])] ;

flow = bucket_head_remove(g.bucketlist) ;
pkt = head_remove (flow.queue) ;

/1 Update flow timestamps according to (2)

flow.S = flow.F ;

flow.F = flow.S + flow.queue.head.length /
flow.weight ;

if (flow.queue.head !=NULL)
bucket_insert(flow, g) ;

old_F = g.F ; /] save for later use

if (g.bucketlist.headflow =aNULL) {
g.state = IDLE ; // F not significant now.

} else{

g.S = g.bucketlist.headflow.S ;
g.F = g.bucketlist.headflow.F ;
g.state = compute_group_state(g) ;

}

/1 If g becomes IDLE, or F has grown, may need to unblock other groups

if (g.state == IDLE || g.F > old_F) {
unblock_groups(g.index, old_F) ;
/1 Also move group g from ER to the new state.
move_groups(l << g.index, ER, g.state) ;

}

V_old =V ; /] Save the old value for the call tmake_eligible()
V += pkt.length ; // Account for the packet just served

x = set[IR] | set[IB] ;
if (x !'= 0) { // Someone is ineligible, may need to
/1 bump V up according to (3)
if (set[ER] == 0)
V = max(V, groups[ffs(x)].S) ;
/1 move from IR/IB to ER/EB all the now eligible groups
make_eligible (oldV, V) ;
}

return pkt ;

Group

index V_old V_new
l 1 1lo
I o [— 1lo
| ol 11 ol a1lo |
l

l1lolrlolalolaloll

V(t)

Fig. 5. How to compute changes in eligibility whér(¢) grows. Given
V(t) = Vp14, the admissibleS;’s for ineligible groups can only assume the
discrete values on the tick markers (spacedohy= 2%). If we label the
intervals on each line as alternating 0’s and 1's, the bimapyesentation of
V(t) coincides with the sequence of labels of the intervals ¢oimig 1/ (¢).
WhenV (t) moves fromV,,;4 t0 View, groupi becomes eligible iff some bit
7 > 1 changes in the transition.

mask Simple bit operations do the job.
Functionmake_eligible()n Fig. 6 determines which groups
become eligible a¥"(¢) grows after serving a flow. Here again
we exploit the features of timestamp rounding to make the
operation simple. Fig. 5 gives a graphical representatidheo
possible values af;'s andV(¢), and the binary representation
of V(t). As explained in the caption, if is the index of the
highest bit that changes in the binary representatiofy @,
then all backlogged groups with index< j will become
eligible. Functionmake_eligible(tomputes the indey, using
an XOR followed by aFind Last Set(fls) operation; then

@} computes the satew_e that includes all indexes < j, and
) ) ) o calls functionmove_groupso move groups whose index is in
Fig. 4. Thedequeudunction. See Section IV-D2 for a full description. new e from IR to ER and fromIB to EB
Function unblock_groups()is completely unintuitive and
d d ded relies partly on [1, Theorem 6]. Essentially, if, upon serv-
up ate; ata structures as nee e.. . ) ing group i, I; does not change or coincides with some
As discussed, the packet selection is stralghtforwardnupgwj j >i,j € ER (line 22-23), all currently blocked group
the call todequeue()at least one flow is eligible, sER is il remain blocked by either group or group ;. In other

not empty, and we just need to pick (lines 5-7) the group wityses, the theorem shows how we can find the subset of groups
the lowest index iNnER and from that the first packet from (all indexes smaller thai) that must be unblocked.

the first flow. The flow’s timestamps are updated, and the flow
is possibly reinserted in the bucketlist (lines 10-13). E. Time and space complexity
Next (lines 16—-22), the group’s timestamps are updated, o o )
From the listings is it clear that QFQ had(1) time

resulting also in an update of the group’s state. If the giuagp ) X _ .
increased its finish time or it has become idle (lines 24—2$PMPlexity on packet arrivals and departures: all openatio

we may need to unblock some other groups, using functiB_?F'”di”g insertion_ in the bucket_list and fin'ding the min'mmg

unblock_groups(iiescribed in the next Subsection. After thafiMestamps, require constant time. All arithmetic operzi

we move the group to its new set. can be done using fixed point computations, including the
Finally, we updaté/ (¢) to account for the newly transmitted®V/Sion by the flow weight

packet, and lines 34-41 make sure that at least one bacldoggeIn terms of space, the per-flow overhead is approximately
group is eligible by bumping up” if necessary, and moving 4 bytes (two timestamps plus one pointer and a few flags),

groups between sets using functiorake_eligible() and we have 32..280 bytes per group (to store the slot psinter

3) Support functions:We are left with a small set of two timestamps and some flags).
functions to document, shown in Fig. 6, and mostly used in
the dequeue(rode.

Functionmove_groups()s trivial and just moves from set We report here both the B-WFI (bit guarantees) and the
src to setdestthose groups whose indexes are included iFWFI (time guarantees) of QFQ.

V. SERVICE PROPERTIES



1 /1 Move the groups irmaskfrom the src to the dst set wheret, andt. are, respectively, the arrival and completion

in: k, in: , in: dest . .
: {mwe_gro“psm mask, in: src, in: dest) time of a packet, and)*(¢) is the backlog of flowk.
4 set[dest] |= (set[src] & mask) ; i
5 set[src] &= ~(set[src] & mask) ; Theorem. T-WFI for QFQ For a flow k& belonging to group
o} i QFQ guarantees
8 // Move from IR/IB to ER/EB all groups that become eligible Lk 1
9 // asV(t) grows fromV1 to V2. ko
10 // This uses the logic described in Fig. 5 T-WFF = (3 ’Vw—‘ + 2L> E . (10)
11 make_eligible {(n: V1, in: V2)
12 { :
13 j = fls(V1 XOR V2) : // highest bit changed in V/(t) For the proof, once again see [1, Theorem 6]. For com-
14 new_e = (1 << (j+1))— 1 ; parison, a perfectly fair ideal fluid system would have
15 move_groups(new_e, IR, ER) ; k : .
1 move groups(new e. IB. EB) T-WFI* = 0, whereas for WFQ+, which uses exact times-
17} tamps, repeating the same passages of the proof vyields
18 E__ (L*
19 // Possibly unblock groups after serving group i with F=old_F T-WFI* = (¢T + 2L)/R-
20 unblock_groupsin: i, in: old_F)
2 { VI. EXPERIMENTAL RESULTS
22 X = ffs_from(set[ER], i + 1)] ;
23 if (7/:5 tl)\IJO_kGR”OgPIII gr%ups[x}-F(T; old_g)) { The most interesting feature of QFQ is its bounded (inde-
24 nolock ai e lower order groups eorem .
= low_groups = (1 << i)_gl ;p pendent of number of flows) and small per-packet execution
26 move_groupsg:ow_grows, |E§, IEF:?)) ; time, which makes the algorithm extremely practical and
27 move roups(low roups, y ) . . . .
- ) ~group ~group amenable to really fast implementations. This sectionyaes
29 } the performance of our Linux implementation of QFQnd

compares it with the Deficit Round Robin (DRR) scheduler
Fig. 6. Support functions to recompute the set of eligibleugmoafter a flow gyailable on the same system.
has been served. These are described in Sec. 1V-D2 . . .

: The choice of DRR is relevant because it represents a
practical lower bound for the complexity of a scheduler. It
would have been interesting to evaluate GFQ or SIPQF
as well, but the lack of a full specification and public im-
plementation of these algorithms prevented us from doing

A. Bit guarantees
The B-WFF guaranteed by a scheduler to a flowis

defined as: so. Implementing these schedulers from scratch would have
B-WFI* = max ¢*W (t1, t2) — W*(t, t2), (7) required an exceeding amount of coding, well outside the
[t1,t2] scope of this work; and, especially, implementation deoisi

where [t;,1,] is any time interval during which the flow not fully covered by the respective papers could have made
is continuously backloggedy*W (¢, t,) is the minimum the results not representative of the original intentiohtheir
amount of service the flow should have received accordifgthors, leading to an unfair comparison.
to its share of the link bandwidth ari@*(¢,, t,) is the actual ~ The experiments have been ran using three PCs acting as
amount of service provided by the scheduler to the flow. Thg§urce, router, and sink of network traffic. Source and route
definition is indeed slightly more general than the origima¢, Were connected by & Gbit/s card, whereas router and sink
wheret, is constrained to the completion time of a packet. were connected by @00 Mbit/s card. The source generated
) UDP traffic using a modified version of the in-kernel traffic
Theorem. B-WFI for QFQ For a flow & belonging to group generatorpkt gen [11], with different configurations. In this
i QFQ guarantees paper we focus on two of thertight load, with packet lengths
B-WFIF = 3¢*0; + 2¢" L. (8) uniformly distributed betweer64 and 1518 bytes, with a
100 Mbit/s link between source and routdreavy load with
The proof does not differ in principle frqm the proof of theninimum-sized packetss¢ bytes) and 1 Gbit/s link between
B-WFI for WF?Q+ [3], and can be found in [1, Theorem 5].5qrce and router. The two scenarios serve to exercisetitfe
As a term of comparison, in a perfectly fair ideal fluiql SsystefBode paths in the schedulers, as the execution times may
like the GPS server B-WFI= 0 [3], whereas repeating the gepend on the backlog status of flows, groups and sets as
same passages of the proof in case of exact timestamps, gl as on the content of the cache and the interleaving with
exact WEQ+ with stepwisé/ (t), the resulting B-WFi would  gther system activities). In particular, low load is a warase
be (L* + 2¢*)L. scenario (instruction-wise) for QFQ, because there is a lot
B. Time guarantees of bookkeeping involved in evergnqueue()and dequeue()

Expressing the service guarantees in terms of time is onclr:}pnversely, athigh load, QFQEnqueue(Js as inexpensive as
S . . i DRR, anddequeue()s normally cheap because the current
possible if the link rate is known. The T-WFguaranteed by a rouD is often backloaged
scheduler to a flow: on a link with constant rat® is defined group gged.

as. Qk(t+) 6The source code of the scheduler and all the other softwae tasobtain
T-WEI* = max <tc —ty — a ) , (9) the results presented in this section are available, tegetfith all the data

oFR collected during the measurements, at [2].



When doing measurements on a machine with deep memory
hierarchies (our CPU was 30 GHz, dual core, Intel E8400)
and code with variable execution paths, single performance
numbers are insufficient to describe the behavior of theegyst 1000 [ QFQ-deq-32k—___ ./ ;
As a consequence the evaluation has been done by measuring I /
three parameters across each execution ofetigueue(jand
dequeue()functions: the number ofetired instructions the
total CPU cycles and the number otache missesAll of
them were computed by reading the relevant CPU performance
counters around the functions being measured. Samples were
stored in a kernel ring buffer af4k elements, and dumped to
userspace every 5s. To let the system settle, no dumps were

QFQ-deq-1 k/
DRR-deq-32k——

nstructions

100

done in the first 15s of the experiment, and the first 10 dumps ‘ ‘ DRR-deg-1k

were ignored. We used the next 30 dumps for our evaluation. 10k 20k 30k 40k 50k
We took care of preventing major sources of imprecisionhsuc CPU cycles, dequeue, high load

as interrupts and preemptions/migrations to interferd wie Fig. 8. Distribution of CPU cycles, dequeue.

measurements, by disabling interrupts around the measured
sections of code, and pinning the relevant interrupt haadle

to a single core whenever possible. tions, accumulated across multiple experiments. We ordysh
a total of 50k samples in these graphs, but distributions are

350 ‘ ‘ ‘ ‘ essentially unmodified as the number of samples increases. A

expected, instruction counts proved to be stable acrostbeul

300 - 1 executions. and they flat regions of the curves correspond to

the different code paths in the functions under test.

250 1 1 DRR is mostly oblivious to the state of the system. Its
g 200 L QFQ-eng-32k, QFQ-eng-1k —= r enqueue(junction just appends the packet to the flow’s queue,
g and appends the flow to the FIFO list if not there yet, so the
Z 150 [ e instruction count is practically flat. DRR@equeue(plso has
= QFQ-deq-32k, QFQ-degq-lk — a mostly constant ir?structionycount irrespgctive c(J)fathejloa

100 r DRR-deq-32k, DRR-deq-1k \ 1 QFQ’s enqueue(plso starts by enqueueing the packet, but

then possibly has to do some extra work depending on the
0+ DRR-eng-32k, DRR-eng-1k / | flow/group/system state. The frequency of extra work is @igh
0 ‘ ‘ ‘ ‘ at low load, when flows and groups are almost always idle—
10k 20k 30k 40k 50k in fact, the shortest code path is never exercised in our low-
Sample count (low load) load scenario, and the instruction count for QF@rsjueue()
350 varies between 180 and 240. At high load, the function has an
; instruction count similar to DRR’snqueue(]55 instructions)
300 + in 80-90% of the cases, while the remaining ones exercise
“ different code paths, up to the same 240 instructions agdefo
250 ¢ QFQ-deq-32k——> QFQ'sdequeue(Js influenced by the load in a similar way.
g 200 | At low load the cost is always around 155 instructions, beeau
g in this scenario there is always only one backlogged flow.
§ 150 . / At high load the instruction count varies, again due to the
o QFQ-déc}-lk existen_ce of multiple code pathg WhiCh are tak_en on d_ifﬂeren
100 |- DRR-deq-32k, DRR-deqylk QFQeng-1k—i /|| ~ €xecutions. We range from a minimum of 130 instructions to
] a maximum of 340 instructions (only in 2-3% of the cases;
50 DRR-eng.32k, DRR-enq N QFQ-enq-32¢ the 95-percentile value is around 270 instructions).
0 R ‘ ‘ ‘ Note that the worst case for QFQ¥equeue()s the same
10k 20k 30k 40k 50k  with 1k and 32k flows—the curves have different shapes
Sample count (high load) only because the relative frequency of the various codespath
Fig. 7. Distribution of the number of instructions. changes.

Moving from instruction to cycle counts the nice and flat
Given the potentially high variance of the samples, beforrirves we have seen so far disappear. Most of this depends on
computing any statistics it is important to look at the dishe effect of caches and of instruction latencies/deperiden
tribution of the data. Fig. 7 shows the distributions of thé& small part also depends on measurement errors caused by
instruction counts for enqueue/dequeue in various cordgtguthe effect of hardware factors like pipelining and out-oder



execution on short observation periods. one multiplication and a small number of arithmetic and
The effects are visible on all configurations. Due to spadegic operations. The simplicity of QFQ is witnessed by its
limitations we focus on one set of curves, namely the distriblow instruction count (340 per packet worst case) and fast
tion of durations, in CPU cycles, of thdequeue(Joperation execution times.
under high-load conditions. The four curves (for QFQ and In addition to a detailed description of the algorithm and
DRR, 1k and 32k flows) are shown in Figure 8. With lowa thorough theoretical analysis of the service guarantees,
load, and in the best runs, a warm cache allows the delivargper also provides a detailed evaluation of the performanc
of multiple instructions per clock cycle, but apart from somreal hardware, both in terms of instructions and CPU cycles.
lucky runs, especially as the number of flows grows, the cactie have also developed a production quality implementation
becomes less and less effective, and execution times guickf QFQ which is, to the best of our knowledge, the first
ramp up for both QFQ and DRR. The two algorithms haveublicly available implementation of a scheduler of thiasd
O(1) cost, but here the curves with 1k and 32k flows ar@ (1) time and near-optimal WFI). The code, which works
different for both algorithms. A large number of flows imglie with the Linux Packet Scheduling framework, has been used
a larger memory footprint and a higher chance of cache miss&s our measurements and is available at [2].
Even though misses are limited (less than 2—3 in most cases),
they are so expensive that the execution time of the fungtion
can be affected badly—near the end of the distribution, botH] Egpixl[eanor-sssup-!z~][ag!05:!nux;q][q;qfq-ftmdf-
. p://feanor.sssup.it/~fabio/linux/qgfg/.
DRR and QFQ have some executions that consume over ZOE%) Jon C. R. Bennett and Hui Zhang. Hierarchical packet ¢pieueing
clock cycles, compared to the best values of 54 and 117, algorithms. IEEE/ACM Transactions on Networkind(5):675-689,
respectively. Such a large deviation explains why perforrea | é997¢h _ SRR: An O(L) § it et schedio
. . . uo uanxiong. L AN Ime complexity packet sc r
claims should be taken W|th_ extreme care by the readgr, if nét flows in multi-service packet networks. In ACM SIGCOMM 2001
backed up by actual experimental data. Moreover, given the pages 211-222, 2001.
nature of the architecture in consideration, the real woase [5] J. C. R. Eennettj_e H-thlaEnlgl-E |nﬁ%cvgmsg%ase fairzgveliggteﬁ fairf]
. - . queueing.Proceedings o '9fpages —128, Marc!
exequtlon times can hard]y be _estlmated. _ 1996,
With these considerations in mind, the following table[s] H. Abdel-Wahab I. Stoica. Earliest eligible virtual dbiae first:
summarizes the the average per-packet execution times, and A” flexible and haFCulfate me%hagigm for pfOpOffﬂCOHal Shafes Urego
0 - . . allocation. Technical Report 95-2Department of Computer Science,
the 95% conflden(_:e mtervals_, measu_red fqr QFQ e_md DRRIN 514 Dominion University, November 19980v 1995,
the worst performing scenario (duration-wise), which j@v [7] M. Karsten. Approximation of generalized processor Biganwith
to be the heavy load. The purpose of the table is not to provid[g] 3fa£fle<lt| Integ;és\\//;% tlvvelzrzgheelwwk Int_progr_fﬁs | ot
. . . Karsten. - . approximation with small constant exe-
single numbers to characterise the two scheduler, butiraghe ™ ¢ o1 o erheadNFOCOM 2006. 25th IEEE International Conference
warn the reader once more on the care that must be used in on Computer Communications. Proceedingages 1-12, April 2006.
analysing these measurements. As an example, note how, eW@nA. Kortebi, L. Muscariello, S. Oueslati, and J. RoberBvaluating the
. - . number of active flows in a scheduler realizing fair statatltandwidth
though the instruction counts are relatively repeatalBenes g2 SIGMETRICS Perform. Eval. Re@3(1):217-228, 2005.
of the entries have a large variance which reflects the multie] Luciano Lenzini, Enzo Mingozzi, and Giovanni Stea. deaffs between
modal results of the measurements. low complexity, low latency, and fairness with deficit rourabin
. . . . . schedulerslEEE/ACM Trans. Netw.12(4):681-693, 2004.
Moving to execution times (Our machine has aflxed 3 Gl_Hl] Robert Olsson. Pktgen: the Linux packet generatorPioceedings of
clock speed), as expected we see that the variance explodes,the 2005 Ottawa Linux Symposiutuly 2005.

and the ratio between instructions and times changes wid&lg] Sriram Ramabhadran and Joseph Pasquale. The stratiied robin
scheduler: design, analysis and implementatiofEEE/ACM Trans.
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APPENDIX att,, so we haveF"(t,) = S¥(t;5) = S¥(t,) + 1(t,) /¢* <

We prove here both the properties of the data structubety) +oi +1°(t,)/¢" < V(tp) +20: < V(1) +20;, which
used in Sec.lV, and the B/T-WFI of QFQ. In this sectionProves the thesis. u

we explicitly indicate the time at which any timestamp i$ emma 1. Let I(t) = {k: ke Bt),S*t) > V(t)} be a

computed to avoid ambiguity, and we assume that the variaigyset of flows. Given a constdrit, ¥ : V() < V' we have:
quantities ¥'(¢), S*(¢), ...) are computed as described in the B

QFQ algorithm. Given a generic function of timgt), we o (P otV - FRO) <V =V (13)
define f(t]) = lim, _,,+ f(¢t). For notational convenience, we kel (t)

avoid writing f(¢) if f(t) is continuous at time. To further \here/k (1) is the size of the first packet in the queue for flow
simplify the notation, if the function is discontinuous at a. gt time+.

time instantt;, we assume, without losing generality, that o

f(ta) =1lim, ,- f(¢), i.e., that the function is left-continuous. ~ Proof: By definition, I* () = ¢*[F*(t)—S*(t)]. Thus, for
Finally, recall that all the quantities used hereafter dse a flows in set/(t) we havel*(t) < ¢*[F*(t) -V (t)]. Therefore,

reported in Table 1. with simple algebraic passages:
We define the following two notations for convenience: Z {lk(t) n ¢k[v(t) _ Fk(t)]} <0 (14)
[2)0. = |=loi , [2)0, = [0 keI
g g; .
. . Yo WSV VIV - FR)]} <0 (15)
For any positive quantityy < x + o;, we have kel (t)
[W]o: < 2]0, QY > ) + ¢tV - FEF0]} < DD ¢F[V = V(1)) (16)
In fact, z can be written ag = no; + 4§, with 0 < § < o;.  *€I® kel(t)
If § =0theny < (n+ 1oy = |ylo, < noy, [2]s, = S {F®) + MV - FRw)} <V - V() (A7)
no;, and the thesis holds; if > 0 then |y|,, < (n+ 1)o;, keI(t)
[2]5, = (n+ 1)o;, and the thesis holds too. where the last passage USES,, ¢* < 1. -

A. Group GBT under QFQ Lemma 2. Let X(t, M) = {k : E*(t) < M} be a set of

We start by proving per-group upper bounds$oft) —V (1) flows. Given a constarit’, we have thavt : L+ V' > V (t):
(in Theorem 1) and folV (¢t) — F;(¢t) (Theorem 2, supported

by the two long Lemmas 1 and 2). The two bounds represent > (I*(t) + ¢"[V/ — FF*(t)]) <L+ V' = V(t) (18)

a group-based variant of th@lobally Bounded Timestamp kex(t,v’)

(GBT) property, normally defined for the flow timestamps  proof: The proof is by induction over those events that
in an exact virtual time-based sched_uler. Lemmas 1 and cﬁange the terms in (18): packet enqueues for idle flows,
are an adapted version of the ones in [7], repeated here f@fket dequeues and virtual time jumps. The base case where

convenience, with permission from the author. X is empty is true by assumption. For the inductive proof, we
We will use these bounds to prove both the properties gk me (18) to hold at some time
the data structure and the B/T-WFI of QFQ. Packet enqueue for an idle flow: Say a packet of gize
Theorem 1. Upper bound for S;(t) — V(t). of the idle flow k arrives at timet;. V(¢) does not change
For any backlogged group and V¢ on rE)ellcket arrivals except for virtual time jumps, that arelde
with later.
Si(t) < F/(tw oi = [V(t)]s, (12) If after the enqueue of the new packet¢ X, V"), ie.
i F*tT) > V', we must consider two sub-cases. First, if

Proof: By definition (5), at any time and for any group, % ¢ X(¢1,V’) nothing changes. Second, if € X (t;,V”)
S;(t) is an integer multiple of; and, for any backlogged flow the positive component® [V’ — F*(¢;)] is removed from the
k of the group,S;(t) < S*(t) = | S*(t)],,. It follows that, if sum, so the left hand side of (18) decreases. In both suts-case
Sk(t) < V(t)+ 203, then (12) trivially holds. Hence, to provethe lemma holds. The remaining case iskife X (¢, V).
(12) we actually prove the latter, i.e., the(¢) < V(t)+20;, Since F*(t}) > F*(t,), this impliesk € X(t;,V’). In this
and to prove it we consider only a generic time instanat casel”(t) is incremented by, but F*(t) is incremented by
which a generic packet for flow is enqueued/dequeued, a$; /¢*, so the left hand side of (18) remains unchanged and
this is the only event upon which whic#*(¢) may increase. the lemma holds.

According to (2), eitheS*(t{) = V/(¢;), in which case the  Virtual time jump: After a virtual time jump, all backlogged
packet is enqueued and the thesis trivially holdsSbft;) = flows haveS* (1) > S*(t1) > V(t]). With regard to the idle
Fk(t,). In this case flowk must have had a packet previouslyfflows, we assume that their virtual start and finish times are
dequeued at time, < ¢;. pushed toV/ (¢]). By doing so we do not lose generality, as

When the packet was dequeued,aliow k was certainly el- the virtual start times of these flows will be lower-bounded
igible, andV/(¢) is immediately incremented after the dequeuey V (¢) when they become backlogged (again). Besides, it is
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easy to see that pushing up their virtual finish times may onBecauseF*(t) < F’“(t), the second term on the left side of
let the left side of (18) decrease. In the efitlt]) > V() the inequality is non-negative and therefore
for all flows and, ifV/ > V(¢]) then Lemma 1 applies and

, .

the lemma holds. For othe¥” in [V (t]) — L,V (t])], the L< Y PFO<SL+B-V (23)

additional L term in (18) absorbs any decrement on the right kiFk (1) <Py

hand side. Therefore, the lemma holds. Vo—Vi<L+F,—-W (24)
Packet dequeue: Flow receives service at timg for its <B4l o5

head packet of siz&(;l). We have to distinguish two cases, Ves ot (25)

depending ori’ and F*(t1). The step from (23) to (24) us€§ + 1, = Va.

Case 1 -V’ > F¥(t;). V(t) is incremented exactly by Case 2: Packet; is not eligible atV; according to its
I*(t1), so the right side of (18) decreases exactlylhf¢;).  rounded start time, but becomes eligible betw&grand V5.

With regard to the left side, the variation 6f(t) can be Then, S, > V;. Virtual time advances by at mosgt and
seen as the result of first decreasing/bgt; ), which balances therefore:
the above decrement 6f(t), and then increasing W ), F,>8>Vi>Ve— L (26)
which is in turn balanced by incrementing’(¢) by - (t
Hence the lemma holds.

Case 2 ' < F*(t1). In this case all flowsh € X (t;,V")
have F"(t;) < E*(t1), so they must have been ineligibl

Case 3: Packetis not eligible according to its rounded start
time after service t@, thereforel; is reached by a virtual time
ejump beforeq can be served. In this case:

according to their rounded start time, otherwise the curren Fy>8,>Ve>Vo— L (27)
flow & would have not been chosen. Therefoie(t;) < )
Sh(ty) < S(ty) for all flows in X (¢1,V’). Lemma 1 applies This concludes the proof. u

, .
then for allV" > V(11), i.e B. Proofs of the data structure properties

Z (1F(t1) + @"[V! = FF(t1)]) < V' = V(t1). (19) We can now prove the theorems used in Sec.IV considering
KEX (tF,V7) the only two events that can change the state of the scheduler
namely packet enqueue and packet dequeue. We start from

BecauseV (t]) = V(t1) + I¥ and we assumd + V' > Theorem 3, which gives the per-group slot occupancy.
V(t]) after service, we only need to considgt with L +

V' > V(tF) + I* before service. Therefore Theorem 3. At all times, only the firsg + [ ,] consecutive

slots beginning from the head slot of a group may be non
VI V(t) < (L—1")+ V' —(V({tT)=1F) = L+ V' = V(i) €MpPY.

_ (20) Proof: Consider a generic flow belonging to a group.
and the lemma holds after service. B A new virtual start time may be assigned to the flow (only) as
Theorem 2. Upper bound for V(¢) — F;(t) a consequence of the enqueueing/dequeueing of a new packet

p*! at a time instant,. As in the proof of Lemma 1, from (2)
Sk(t}) may be equal to either (8)(t,), or (b) F*(t,), where
V(t) < Fiy(t) + L. (21) we assumer*(t,) = 0 if p™! is the first packet of the flow
to be enqueued/dequeued.

Proof: To prove the thesis we will actually prove the In the first case, according to 21%*(t)) = V(t,) <
more general inequality’ (t) < E'*(t) + L for a generic flow Fy(ty)+ L < Si(ty)+20:+L < Si(t,)+20; + ( Jo;. In the
k of groupi. The proof is by contradiction. The only eVe”'second case, neglecting the trivial sub- Cﬁéskl 1+> —0,
that could lead to a violation of the assumption is serving\g@e can consider that flow had to be a head flow wherf-!—1

packet. Assume that at=t1: V'(¢1) = Vi the lemma holds. \yas served. Hence, according to (5% (t,) < Si(ty) + o .
A packetp with rounded finish time#; and length,, is served Erom (2), this impliesS*(t}) = F*(t,) < Si(ty) + 204 <

and afterwards at time, : V(tz) V5, there is a packez[z Si(ty) + 204

with finish time F,, such thatf, + L < V. Denote withS; ConS|der|ng both cases, it follows that, S*(t) — S;(t) <

and S, the corresponding start times. We need to distinguigh [L 1)0;, i.e., that at any time the virtual start times of

three cases. all the backlogged flows of a group may belong only to the
Case 1. Packey is eligible at timet; according to its 3 4 [L] consecutive slots beginning from the one the head

rounded start time. Thet, > F (both packets were eligible siot qUeue is associated to, which proves the thesis. m

atVy andp was chosen). Applying Lemma 2 with=¢; and  ysing the following lemma, we want now to prove tHBR.

For any backlogged group

V' = I} results in is ordered by virtual finish times.
S+ Y. (B—FMt))e" < L+F,—V(t;) Lemma 3. Let? be the time instant at which a previously
kEX (t1,F3) kEX (t1,F) idle group « becomes backlogged, or at which the group,

(22) previously ineligible, becomes eligible, or finally at wlnic
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the virtual finish time of the group decreases. We have thatTo prove thatEB enjoys the same order propertyBR,, we
Fn(t) < Fi(fr) for any backlogged group with i < i. need first a further lemma. The validity of the lemma depends
on the timestamppback-shiftingperformed under QFQ when
inserting a newly backlogged group in6B. Hence this is
the right moment to explain in detail this operation. When an
e group: becomes blocked after enqueuing a packet of a
Hbw & at time t,, the timestamps of flow: are not updated
gl\é?ng the following variant of (2):

Proof: For F;(t) to decrease$;(t) must decrease as well.
According to theenqueue()and dequeue() this can happen
only in consequence of the enqueueing of a packet of an em
flow of the group. As this is exactly the same event that m
cause a group to become backlogged, then, from (2) we h
S;(f") > |V(1)]., both if the group become backlogged an
if F;(t) decreases. Substituting this inequality, which finally — S*(t,}) «— max [min(V(t,), Fy(tp)), F*(t,)]
holds also if the group becomes eligible at tilp@nd (12) in FRE(tr) — S+ 1%t /0"
the following difference we get:

(29)

where b is the lowest order group iR such thatb > .
Basically, with respect to the exact formul#;(¢,) is used
instead ofV'(t,) if V(t,) > Fy(t,). This is done because
otherwise the ordering by virtual finish time BB may be

Fy(d) - B
Sp(@) 4 20, — Si(T1) — 205

B Sh(t) — 5@(t+) +20n =20 < broken. It would be easy to show that this would happen if an
V() lo, = [V(E)lo, + 200 —20; < (28) idle group becomes blocked wh&f(t) is too higher than the
V®)lo, — [V(@)]o, +20n —20; < virtual finish time of some other blocked growp< i.

oi +20p — 20, = With regard to worst-case service guarantees, in case
20p—0i <0 V(t,) > Fy(t,) in (29), groupi just benefits from the

back-shifting, whereas the guarantees of the other flows are
unaffected. To prove it, consider that the guarantees geaovi
’ ) to any flow do not depend on the actual arrival time of the
The following theorem guarantees thBR is always or- ncyets of the other flows. Hence one can still “move” a pair
dered by virtual finish times. Then it guarantees that thiteor ¢ timestamps backwards, provided that this does not lead
is never broken when one or more groups are inserted intqt 5, inconsistent schedule, i.e., provided that the riesult
during QFQ operation. schedule is the same as if the packet would have actually
Theorem 4. SetER is ordered by group virtual finish time. arrived at the time that would have lead to that value of the
pair of timestamps according to the exact formulas. And this
Proof: We will prove the thesis by induction. In the basgs what happens using (29), for the following reason. Should
caseER = {) the thesis trivially holds. The ordering @R the packet that lets groupbecome backlogged had arrived at
may change only when one or more groups enter the set. TRigme instant,, < t, at whichV (z,) = Fy(t,), groupi would
can happen as a consequence of 1) a group entBRgas have however got a virtual start time higher thB(t,). In
it becomes backlogged, 2) one or more groups moving froggidition, sincel/ (,) = F3(t,), then grouph must have been
IR to ER, 3) one or more groups moving froliB to ER.  packlogged at time, < ¢, to have a virtual finish time equal
Let: be a group enteringR at timet, for one of the above to £, (,) at timet,. In the end groug would not have been
three reasons, and let the thesis hold before time served before group, exacly as it happens in the schedule
In the first case, thanks to LemmaZ(t{) is not lower resulting from timestamping groupwith (29) at timet,,.
than the virtual finish times of the groups ER with lower We can now prove the intermediate lemma we need to
index. By definition ofER, Fi(tf) is also not higher than the finally prove the ordering ifEB.
virtual finish times of the groups iER with higher index.
In the second case, given a groupe ER with h < 4,
Si(t1) > Sp(t1) because either group was already inER
before timety, or grouph belonged talR, which is ordered Proof: We consider two alternative cases. The first is that
by virtual start times according to [Sec.IV-C, item 2]. ThisS,(¢5) has been last updated at a time instan ¢, using
implies Fi(t1) > Fj,(t1) becauser; > 20y,. By definition of (29). The second is that, according to (2) and (5) there are at
IR, F;(t1) is also not higher than the virtual finish times ofeast one head flovi of group » and a time instant; < ¢,
the groups inER with higher index. such thatS, (tz) = [F*(t1)],, -
In the third case, since groupis not blocked any more, In the first case we havs (t2) < Fy(t1), whereb is the
F;(t1) is not higher than the virtual finish times of the group®kwest order group ifER such thatb > h. We can consider
in ER with higher index. With regard to the groups with lowetwo sub-cases. First, groudps already backlogged and eligible
index thani, for groupi to be blocked before timg there had at time ¢;. It follows that, if i > b then F;(t1) > Fy(t1).
to be a grouph € ER with b > ¢ and F},(t1) < F;(t1). Since Otherwise, from the definition ob, group i is necessarily
we assume thaER is ordered by virtual finish time beforeblocked, andF;(t,) > F,(t1) must hold again for group
time ¢4, then Fy,(¢1), and hencef;(¢1) is not lower than the not to be blocked. In the end, regardless of whether gidgp
virtual finish times of all the lower index groups IBR. ® ready or blockedF;(t2) > F;(t1) > Fy(t1) = S (¢2) and the

where [V (t)],, < [V(#)],, and the last inequality follow
from that, asi > h, o; > 20},.

Lemma 4. If a pair of groupsh andi with h < i are blocked
at a generic time instanty, then .Sy (t2) < F;(t2).
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thesis holds. In the other sub-case, i.e., group not ready backlogged or ifF;(t) decreases. Lef; be the time instant

and eligible at timet;, thanks to Lemma 3 group cannot at which one of these two events occurs and suchifatis

happen to have a virtual finish time lower th&p(¢;) during ordered up to time;. Thanks to Lemma 3F;(t;) < F;(t)

(t1,t2). HenceF;(t2) > Fi(t1) = Fr(t2) > Sk(t2) and the and hence the event cannot let graupecome blocked.

thesis holds. Suppose now that, at timé, group i entersEB as a

In the other case, i.eSy(t2) = | F*(t1)],,, We prove the consequence of either a packet of a flow of the group being

thesis by contradiction. Suppose ti$af(t2) > F;(t2). Flow k. enqueued/dequeued or the growthift). We will prove that,

must have necessarily been served with(ty) = F*(t;) at given two any blocked groups < i andj > i, Fj,(t;) <

some timet, < ¢1. In addition, forS,(t2) > Fji(t2) to hold, F;(t]) and F;(t]) < F;(¢;) hold (whereF;(t]) = F;(t1) in

Fk(ty) > F;(t2) and henceF'*(ty) > F;(t2) should hold as case group entersEB from IB).

well. As flow k£ had to be a head flow at timg, it would With regard to a blocked group < i, if group i entersEB

follow that as a consequence of a packet enqueue/dequeue, then, from
Fy(to) > F¥(to) > Fi(ts). (30) Lemma 4 and the fact that, d§(¢) is an integer multiple of

. Ti, Fl(tf) > Fl(tl) + o;, we have
We consider two cases.

First, group: is backlogged at timey. If F;(to) < Fy(to), F,(t) - Fu(t)) >
thenSi(to) = Fi(to) —20; < Fh(to) —20; < Sh(to), because Fi(tl) +0; — Sh(tl) — 205, > (31)
o; > op. Hence, both grouph and i would be eligible, Fi(t1) + 0; — Fi(t1) — 20, >
and grouph could not be served at timg. In follows that o; — 20, >0

F;(to) > Fn(to) should hold. This inequality and (30) would , )

imply Fj(to) > Fj(t>). Should notF;(t) decrease during where .the Iast_mequahty follows from; > 204,. On the other

[to, t2], the absurdF;(t;) > Fj(t,) would follow. But, from hand, if groupi entersEB from 1B, then Si(t1) > Si(t1)

enqueue()and dequeue()it follows that the only event that PEcause either groupwas already eligible before tim, or

can letF,(t) decrease is the enqueueing of a packet of an id#CUP/ belonged tdB, which is ordered by virtual start time

flow of groupi that causess;(t) to decrease (lines2-18 of ~according to [Sec.IV-C, item 2]. This implie;(t1) > Fj(t1)

enqueu Let F},;, be the minimum value thaf}(¢) may Pecause; = 2oy

assume in consequence of this event. With regard to a blocked group > i, letb > j > i be
SinceVt € [to,t2] V(t) > Su(to), according to (2), (5) the highest order group that is blocklng groyipat time ¢.

and (30),F; min > |Sh(to)]o, + 207 > Su(to) — o + 20, = Independently of the reason why groupentersEB, from

Fiy(to) — 30n + 20; > Fi(to) > Fy(ts), which again would Leémma 4 we have
imply the absurdF;(t2) > F;(t2). g+ - o

The second case is that grougps not backlogged at time Si(t7) < F(t) < F5(f) — o (32)
to. As the event that would let the group become backlogg§here the last inequality follows fromf, () < F;() and the

after timet, is the same that might have I€}(¢) decrease in t5ct that bothF;(?) and F,(7) are integer multiples o;.
the other case, then, using the same arguments as abovegWstituting (32) in what follows:

would get the same absurd.

In the end,Sy,(t2) < F;(t2) must hold. [ | FE") =

The following theorem guarantees thBB is always or- Si(f ) +20; < (33)
dered by virtual finish time (hence, as previously proven for Fi(t) —oj+20; <
ER this order is never broken during QFQ operations). F;(t) — 204 + 20,

Theorem 5. SetEB is ordered by group virtual finish time. \\here the penultimate inequality follows from that, since

Proof: We will prove the thesis by induction. In the basé: 75 = 20;. u
caseEB = () the thesis trivially holds. The only event upon Finally, we can prove the theorem that allows QFQ to
which the the ordering dEB may change is when one or moredquickly choose the groups to move froEBB/IB to ER/IR.
groups enters the set. The three events that may cause a g
to become blocked are 1) the enqueueing/dequeueing o &
packet of a flow of an idle group > 4, which lets group get a
lower virtual finish time than group(groups with lower order
thani can never block group); 2) the enqueueing/dequeuein%
of a packet of a flow of group itself, which lets the virtual
finish time of groupi become higher than the virtual finish of
some higher order group; 3) the growth16ft), which causes Proof: To prove the thesis, we first prove that groujs
one or more groups to move froiB to EB. the only group that can block a group < . The proof is

With regard to the first event, it is worth noting that group by contradiction. Suppose for a moment that a grgup i
can cause groupto become blocked only if groupbecomes blocks grouph. SinceF;(t) < F;(t) must hold for group not

orem 6. Group unblockingLeti be the group that would
served upon the next packet dequeue at tirmad assume
that there is no group : j > ¢, F;(t) = F;(t); in this case, if
roup i is actually served and(Z ") > F;(Z) or if group i
ecomes idle at timg then all and only the groups IEB/IB
and with order lower than must be moved intER/IR.
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to be blocked, and both; () and F;(t) are integer multiples flow £ just after the arrival of the packet. Because of the

of o;, then immediate increment oV (¢) upon packet dequeue we have
F;(t) < Fj(t) — 0. (34) V(tr,te) > W(ta,te) — L. SinceW (tq,t.) = (t. — tq) R, it

Combining this inequality with Lemma 4, we gé},(¢) < follows that

F;(t) — o; and hence, considering that > 204, Fj,(t) = b g < V)-VEDTL

Sh(g) + 20y, < Fj (f) —0;+ 20, < Fj(f) This contradicts the Fi(t6)+L7V(tI§+L i}i(tc)*v(lt%)+2[z a (39)

fact that groupj blocks grouph. R - R :

As a consequence, if;(t) increases, then, thanks to (31) To prove the theorem we will find an upper boundrgt.)
and (33), all and only the blocked groufps< i become ready. and a lower bound td/ (). Since the approximate virtual
The same happens if grougbecomes idle as a consequencstart time of the flow increases hy; in any time interval

P (V(ta) = V(t1)) — ¢kL —3¢Fo
PFW (t1,t2) — 2¢%L — 3¢Fa;

where the last inequality follows from the fact that, be@aus
of the immediate increment df (¢) as a packet is dequeued
(seeupdateV(), V(te) — V(t1) > W (t1,t2) — L.

Second, flowk is not eligible at timet;. This implies that
the flow virtual time is exactly equal t6%(¢,) at timet; and
hence, considering thag”(t,) < V (t;) + o;, we have:

Wk(ty,t2)

PF (8% (t2) — S¥(t1))

PP (Si(ta) — S*(t1))
o*(V(ta) — L — 20z Sk(tl)g
)

of a packet dequeue. B [t,,1,] during which an amount of bytes*o; of the flow are
C. Proofs of the service properties ]tc:)altlrsvrgltttﬁ;t, and such that there is still backlog at timeit
Theorem. B-WFI for QFQ For a flow k& belonging to group
i QFQ guarantees Fi(t.) =
( c) + 202 =
B-WFIF = 3¢"0; + 2¢" L. (35) ( ) +2JZ <
Proof: We consider two cases. First, flowis eligible Si(th) + LQ ()] 4 < (40)
at time t;. In this case, we consider that, given the virtual Si(tF) + o4 (t ) {9, —
time V*(t) of flow & in the real systemV*(t;) < F¥(t;) ¢ ’Q‘l?f(j;?) ‘
and V*(t,) > S*(t,). Hence, considering also that, thanks Si(ty) + g + 203
to (21), Sit2) = Fi(t2) — 201 > V(t2) — L — 203, we have: g htining this inequality and/(tH) > Si(t}) — o
Wk(ty, ty) = (derived from (12)) in (39), we get
. ¢kvk(z17t2) = te—t, <
OF (5" (t2) V (t1)) = (5 2D Frpo B
(Sk (tg) (tl)) Z Si(ty)+ +20;—S;(t} )+o;+2L _ (41)
k (Sz(tQI? (tl)) > (36) Q" (t >—0—3¢7,—&—2L
¢~ (Si(t2) = (S¥(t1) + 03)) > R
" (V(ta) = L —20; — (V(t1) + Uz)§ = which proves the thesis. [

V

(37)

&F(V(ty) — L —20; — (V(t1) + 0y
#*(V(tz) — V(t1) — L — 30y
Q"W (t1,t2) — 20" L — 3¢F o,

V V V VIVIV

Theorem. T-WFI for QFQ For a flow & belonging to group
1, and a link with constant ratd?, QFQ guarantees

T-WFF = (3 Lt + 2L L (38)

= o i
Proof: Assume a generic packet arriving &t and
completing service at.. Let Q*(tf) be the backlog of



